Chuwong 1: CO BAN VE THONG KE BAYES
1.1. Xac xuat c6 diéu kién va cong thirc Bayes
a. Pinh nghia xdc sudt
Xac suét 1a mot ham sé f: Q - [0,1].
Khi d6, xac suét caa mot bién ¢d 4 duge xac dinh 1a P(4) = 0.
M0t s6 tinh chat xac suit
i. Xac suét cua khong gian mau P(Q) = 1
ii. Néu A va B 12 hai bién ¢ xung khic véi nhau. Khi d6
P(AUB) =P(A)+ P(B)
iii.  Xac sudt cta bién c6 réng P(@) = 0
iv.  Xéc suit phan bu P(4°) = 1 — P(4)
v. Cong thirc cong xac suat P(A + B) = P(A) + P(B) — P(AB)

Code R

mu=0;

sig=1;

n=100;

data <- rnorm(n, mu, sig);
data;

summary(data)

Céc dic trung thong ké cua dir liéu

summary (data)
Min. 1st Qu. Median Mean 3rd Qu. Max.
-2.1438 -0.6153 -0.1221 0.0198 0.7730 2.3592

Xacsuatcuacacgiatrix = 0

b. Xdc sudt c6 diéu ki¢n

Néu A 12 mot bién cb bat ky.

Khi d6, c6 thé biéu dién A qua cac cong thic sau:
i. A=(ANnB)U(ANB°
ii. P(A) = P(ANB) + P(A N BY)

Cong thuc xac suat co diéu kién
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P(ANB)

P(B|A) =
(B1A) =—5
Cong thirc xac suét co diéu kién cho cac bién cb doc lap
P(B|A) = P(B),

Néu A va B 12 hai bién c6 doc lap.
c. Dinh Iy Bayes
Xuét phat tir cong thirc xac suat c6 diéu kién

P(ANB) _ P(ANB)
P(A)  P(ANnB)+P(ANB°)

Thay céc bién co giao bang tich cac bién co theo cong thure xac suat c6 di€u kién, ta c6 dinh ly

P(B|A) =

Bayes cho bién c¢6 roi rac
P(A|B) x P(B)

P(B|A) = P(A|B) x P(B) + P(A|B¢) x P(B¢)

Ta nhén thay, dinh 1y Bayes trong truong hop hai bién ¢6 B va B€ 1a hai bién ¢6 lién hop véi nhau,
hay néi cach khéc 1a hai bién cb xung khic. Mé rong dinh 1y Bayes cho truong hop tap hop cac
bién cb d6i mot xung khic v6i nhau trong dinh 1y téng quat sau:
Gia st n bién ¢d By,-++, By lacac bién cb:

Vidu 1. Hop cia cac bién cb chinh 12 khong gian mau

B;UB,U---UB, =0

Vidy 2. Cacbién c6 d6i mot xung khac véinhau B; N B; = @,i = 1,n,j = 1,n,i # j.

Khi d6, xac suét co diéu kién duoc xéac dinh theo cong thuc
P(A|B;) x P(By)

j=1 P(A[B;) x P(B;)

P(B;|A) =

1.2. Thong ké Bayes

Dinh 1y Bayes duoc dién dat theo ngon ngir théng ké Bayes, trong d6 xac suat tién nghiém (the
prior probability) P(B;), xac sudt hop 1y (the likelihood probability) P(A|B;), xac suat hau nghiém
(the posterior probability) P(B;|A).

Dinh Iy Bayes duoc viét lai dudi dang ty 1é

posterior & prior X likelihood.
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1.3. Suy dién théng ké Bayes cho bién ngiu nhién roi rac

Bang phéan phdi xac suat déng thdi ciia ham hop 1y cho bién ngiu nhién roi rac:

Vi V1 Y2 Yn
Xi
X1 f(x1,¥1) f(x1,¥2) f e, 0m)
X2 f(x2,¥1) f(x2,¥2) f(x2,¥n)
Xm f(Xm, y1) f(Xm, y2) f (X, yn)

Gia str can tinh phan phdi hau nghiém
g(xi) X f(yjlx:)
219Ce) x f ()

Trong d6 g(x;),i = 1,2,---,m 1a ham phan phdi tién nghiém.

f(xily;) =

Vidu3. Mot hop chira 5 vién bi gdm hai mau do va xanh, hoan toan khong biét s bi do co
trong hop.
Goi bién ngau nhién X 13 sé bi do c6 trong hop. Cac gia tri co thé c6 cua X 1a x; = i v6i
i=1{0,1,2,3,4,5}.

Gia su xdc suat vé sO bi do trong tong sO bi la bang nhau, tuc la

LAy ngau nhién 1 vién bi tir hop.
Goi bién ngiu nhién Y véi Y = 1 néu bi liy ra 12 bi do; Y = 0 néu bi dugc iy ra 13 bi xanh. Khi
d6, ta ¢ P(Y=1|X=xl.)=§ va P(Y=0|X=xi)=%.

Bang phan phdi xac suat dong thdi ctia hai bién ngiu nhién rdi rac X va Y duge cho nhur sau:

X; Xac suat tién nghiém vy, =0 y, =1
9(x;)
0 1/6 lXS—Ozi 1)(9:0
5 30 6 5
1 1/6 lx5—1:i lxlz_
6 5 30 6 5 30
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2 1/6 1X5—2_3 1><2—2
6 5 30 65 30

3 1/6 1 5—-3 2 1 3 3
=X = — =X ===
6 5 30 6 5 30

4 1/6 1 5—-4 1 1 4 4
—X— == —X ===
6 5 30 6 5 30

5 1/6 1x5—5_0 1><5—5
6 5 30 65 30

fQp P _yo_1
f(}’1—0)—30— f(}’1—1)—30—2

Khi d6, x4c sudt hau nghiém cua X|Y =1 la:

X; Xac suat Ham hop 1y g(x)x f(Y =1|X =x;) | Xac suat hau
tién nghiém | f(Y = 1|X = x;) nghi¢m
g(x;)
0 1 0 1><0—0 0
6 5 65
1 1 1 1 1 1 1 1
— — — X == — _/_:_
6 5 6 5 30 302 15
2 1 2 1 2 2
— — — X == — _/_:_
6 5 6 5 30 302 15
3 1 3 1 3 3 3 3
— — — X == — _/_:_
6 5 6 5 30 30 15
4 1 4 1 4 4 4 4
— — — X == — _/_:_
6 5 6 5 30 30 15
5 1 5 1 5 5 5 5
— — —X == — _/_:_
6 5 6 5 30 302 15
fO) »_1
30 2

Thoéng thuong, khi sir dung dinh 1y Bayes, ta ¢6 thé tién hanh theo hai cach sau day:
Ciach 1. Phdn tich méi lan mt quan sdt theo mét trinh tw nhit dinh.

Gia str, sau khi 1dy (khong hoan lai) mot vién bi & lan tht nhét thi dugc bi d6 nhu ¢ vi du
trén, chung ta tiép tuc liy ngiu nhién mot vién bi th hai ra tir hop. Gia st bi duoc 1dy ra ¢ 1an tht

hai 13 bi xanh, nghia 1a Y = 0. Dé tinh x4c suit hdu nghiém cua X tir két qua cua hai 1an quan sat,
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lan dau 1a mau do, 1an thi hai 13 mau xanh, ching ta s& phan tich cac quan sat theo trinh tu bang
cach str dung dinh 1y Bayes cho mdi lan. Chiing ta s& sir dung x4c suat tién nghiém cho lan thir dau
tién nhu trong vi du trudc. Tuy nhién, sau d6 ching ta s& sir dung xac suat hdu nghiém cta lan thir

dau tién 1am x4c sudt hdu nghiém cho 1an thir thir hai. Cac két qua duoc thé hién trong Bang sau:

X; XA4c suat Ham hop Iy gx) x f(Y =1|X =x;) X4c suat hau
tién nghiém | f(Y = 1|X = x;) nghiém
0 0 0 0
1 1 4 11 1
15 4 15 153 5
2 2 3 1 11 3
15 4 10 10/3 10
3 3 2 1 1 1 3
15 4 10 10/3 10
4 4 1 1 11 1
15 4 15 153 5
5 5 0 0 1
- 0/==0
15 /3
f;) 1 1
3

Cich 2. Phén tich ciing lic tit cd cdc quan sdt.
Xét lai vi du 1, gia sir iy ngau nhién hai vién bi, mdi lan mot bi, khong hoan lai tir hop. Dé tinh

xéc sudt hau nghiém bang dinh 1y Bayes, hoan toan twong ti nhu trong phén tich nhu ¢ vi du 1, ta
van xem nhu x4c suat tién nghiém vé s bi do cé tronghop 1a g(0)=g(1)=..=g(5)=—.

Dit Yy, Y, lan luot 1a két qua ldy bi tir hop & 1an thir nhat va lan tht hai. Ap dung cong thire nhan
X4c suét, xac suét cua céc quan sat voi diéu kién X dugce cho boi cong thic:
f(ylryz |X)=f(y1 |x).f(y2 | yl’x)

Khi d6, x4c sudt dong thoi ciia X, Y1 va Y2 duge cho trong bang sau:

Xi Xac suét (ylr :VZ) = (O'O) (:V1' }’2) = (0'1) (ylr :VZ) = (1r0) 0’1»3’2) = (1'1)

tién nghiém

g(x;)
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0 1/6 1X5x4_1 1x5Xo_0 1xox4_0 1Xoxo_0
6 5 4 6 6 5 4 65 4 6 5 4
1 1/6 1 4 3 1 1 4 1 1 1 1 4 1]1 1 0
= X=X—-=— = X=X=—=— | =X=X=-==—| =X=X=-=0
6 5 4 10 6 54 30 |65 4 30| 6 5 4
2 1/6 1 3 2 1 1 3 2 1 1 2 3 1 2 1 1
= X=X—-==— = X=X—==— | =X=X—-==— | =X =X—=—
6 5 4 20 6 54 20 |65 4 2016 5 4 60
3 1/6 1 2 1 1 1 2 3 1 1 3 2 1 3 2 1
= X=X—-=— = X=X—==— | =X=X—-=— | = X=X—=—
6 5 4 60 6 54 20 |65 4 206 5 4 20
4 1/6 1X1xo_0 1X1x4_1 1X4X1_ 1X4X3_1
65 4 6 54 30 |6 5 4 30/6 5 4 10
> 1/6 1x0x0—0 1x0><4—0 1x5x0—0 1x5x4—1
65 N 6 5 4 65 4 6 5 4 6
fO)) 1 1 1 1
3 6 6 3

Va x4c suat hau nghiém cia X khi ¥; = 1,Y, = 0 la:

X; Xac suat tién nghiém g(x;) (y1,¥2) = (1,0) Xac suat hau nghiém
0 /6 %xgx%: 0/%20
1 1/6 1 1 4 1 1 1 1
6%5%21" 30 30/6" 5
2 I 231 | 113
6 5 4 20 2006 10
3 176 1.3.2_1 113
6 5 4 20 2006 10
: I LA I 1 1T T
6 5 4 30 30°"6 5
3 176 %ngg=0 0/%=0
f) 1 1
6

1.3.1 Suy dién Bayes cho phén phoi nhi thirc véi tién nghiém roi rac

Gia st ¢6 n phép thir doc 1ap, mdi phép thir chi c6 hai kha ning 13 “thanh cong” hodc “that

bai”. Goi p la xac suat “thanh cong” va xdc suat nay khong doi & moi lan thu. Goi Y 1a tong so
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“thanh cong” trong n lan tht. Khi d6 Y~B(n, p). Gia st ¢6 tap hop roi rac I cac gia tri ¢o thé co
P1, D2 - P1-

Lap bang phan phéi cho cic quan sat. Trong d6, hang thtr I trong Gng véi phan phdi xac
sudt nhi thite (n, p;). Cot thir j twong tng véi cac gid tri Y = j,j = 0, n.

Trude tién, ta can xac dinh phi x4c suat tién nghiém ciia tham sb. Phan phdi tién nghiém
nay phu thudc vao niém tin trude d6 cia ching ta vé ting gi tri c6 thé ¢ cua tham sé p. Néu
ching t6i khong c¢6 ¥ tuong nao trude d6 vé tham sb, ching ta c6 thé chon phan phdi tién nghiém
13 tat ca cac gia tri c6 déng kha ning.

Phén phéi x4c suat dong thoi ctia tham sb p va bién ngu nhién Y duogc tinh bang cach nhan
xéc sudt co diéu kién 1a P(Y|p) véi xac sut tién nghiém p.

Vidu4. Xeét bién ngﬁu nhién Y ¢o tap céac gia tri co thé c6 1a {0,1,2,3,4} va cac xac suit p

lan lugt 14 0.4; 0.5 va 0.6. Khi d6, bang phan phdi xac sudt dong thoi duge cho nhu

sau:
Tién nghiém | 0 1 2 3 4

04 ! ! 0.1296 ! 0.3456 ! 0.3456 ! 0.1536 ! 0.0256
= =X 0. =X 0. =X 0. =X 0. =X 0.
3 3 3 3 3 3

05 ! ! 0.0625 ! 0.2500 ! 0.3750 ! 0.2500 ! 0.0625
= =X 0. =X 0. =X 0. =X 0. =X 0.
3 3 3 3 3 3

06 ! ! 0.0256 ! 0.1536 ! 0.3456 ! 0.3456 ! 0.1296
= =X 0. =X 0. =X 0. =X 0. =X 0.
3 3 3 3 3 3

Tong 0.0725 0.2497 0.3554 0.2497 0.0725

Khi d6 phan phdi hau nghiém cta Y = 3 dugc cho trong bang sau:

p Tién nghiém | Ham hop 1y | Tién nghiémXxXHam hop 1y | Hau nghiém

0.4 1 0.1536 0.0512 0.0512
3 02497 0205

0.5 1 0.2500 0.0833 0.0833
3 02497 ~ 033

0.6 1 0.3456 0.1152 0.1153
3 0.2497 U401
P(Y =3) 0.2497 1.000
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Suy dién Bayes cho phén phdi nhj thirc véi tién nghiém roi rac bang phin mém R
install. packages("LearnBayes")
library(LearnBayes)

p =c¢(0.4,0.5,0.6)

prior =c(1, 1, 1)

prior = prior/sum(prior)
data =c(3, 1)

post = pdisc(p, prior, data)
round(cbind(p, prior, post),3)

Két qua thu duge nhu sau:

p prior post

[1,] 0.4 0.333 0.205
[2,] 0.5 0.333 0.334
[3,] 0.6 0.333 0.461

1.3.2 Mt 56 két qud quan trong ciia suy dién Bayes
i.  Nhan tit ca cic xac suét tién nghiém v6i mot hang sé khong 1am thay ddi két qua cua suy
dién Bayes.
ii.  Nhan tit ca cac ham hop 1y véi mot hing s ciing khong lam thay d6i két qua cua suy dién
Bayes.
1.3.3 Suy dién Bayes cho phin phoi Poission véi tién nghiém roi rac
Khi quan sét co tir phan phdi Poission P(pt) va cho truéc mot phan phdi tién nghiém roi rac 1a mot
vai gia tri c6 thé c6 cua p. Khi d6 twong ty phan 1.3.1 chiing ta c6 thé 1ap bang suy dién Bayes cho
phan phéi Poission vdi tién nghiém roi rac.

Vi du 3. Gia sir Y 1a mot bién ngau nhién theo phan phdi Poission v&i tham s6 p 1an lugt 1a 1; 1.5;

2 va 2.5. Khi d6 suy dién Bayes cho Y = 2 véi cac xac suét tién nghiém lan luot 1a %;% ; % va %
duogc cho trong bang sau:
v Tién nghiém | Ham hop 1y Tién nghiémXx Ham hop Iy | Hau nghiém
1 l 12x e 0.0307 0.0307
6 oy - 01839 0.2473
1.5 l 1.52 x e~ 1> 0.0837 0.0837
3 o~ 0:2510 0.2473
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2 1 22 x g2 0.0902 0.0902
3 20 0.2707 0.2473
2.5 1 2.52 X g25 0.0428 0.0428
6 2! = 02565 0.2473

P(Y=2) 0.2473 1.00

Suy dién Bayes cho phén phdi Poission v6i tién nghiém roi rac bing phin mém R
mu = seq(1, 2.5, by = 0.5)

prior =c(1, 2, 2, 1)

prior = prior/sum(prior)

names(prior) = seq(1, 2.5, by = 0.5)

y=2

post = discrete.bayes(dpois, prior, y)

print(post)

Két qua thu dugc nhu sau:

1 1.5 2 2.5
0.1239620 0.3383404 0.3648246 0.1728729

Chu y:

i.  Bang phan phdi dong thoi trong suy dién Bayes c6 hai chiéu. Chiéu doc 1a cac gia tri c¢6
thé c6 cua tham sb (khong quan sat dugc). Chiéu ngang 1 khong gian mau va c6 thé quan
sat gia tri nao xay ra.

ii.  Dbi vai bién ngau nhién roi rac véi tién nghiém roi rac, xac suét hau nghiém duoc tinh
bang cach nhan xac suat tién nghiém voi Ham hop 1y va sau d6 chia cho tong cta chiing.
iii.  Khi dir liéu c6 dugce theo mot trinh ty ndo do, chung ta co6 thé st dung xac suét hau nghiém
tir 1an thi nhét 1am xéc sut tién nghiém cho cho 1an thit hai.
1.4. Suy dién thong ké Bayes cho bién ngiu nhién lién tuc
1.4.1. Mot vai phéan phdi lién tuc
1.4.1.1. Phén phoi déu
Mot bién ngau nhién X c6 phan phdi déu (0,1) néu ham mat d6 xac suét ctia nd co dang:

I, 0<x<1

f(x):{o, x[0,1]
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Khi d6: E(X) = > va Var(X) = —

Mb phong phan phéi déu

1
12°

Code in R

data <- runif(100, min = 0, max = 1)

plot(density(data),main = "Uniform Distribution in R")

data
Uniform Distributionin R
o4
-
= K _|
-E D
" o
(TR}
O =
= Sl
= |
0.0 05 10
N =100 Bandwidth=0.1056
[1] 0.10541237 0.75494944 0.27005219 0.96949668 0.76954071 0.07845489 0.29795688 0.15021908
[9] 0.11175915 0.79947200 0.85913239 0.17448560 0.49956455 0.97020312 0.03200649 0.62996126
[17] 0.64864420 0.98527075 0.43669407 0.34039646 0.97781185 0.13661745 0.89893975 0.61197432
[25] 0.15080690 0.96182035 0.89696830 0.46110391 0.29561423 0.32223562 0.98850185 0.46075008
[33] 0.98379274 0.38797069 0.17362501 0.95930106 0.62236100 0.44563926 0.59721810 0.08054957
[41] 0.65923970 0.44837868 0.64820376 0.82030659 0.38940539 0.55158350 0.08597048 0.11858547
[49] 0.39886320 0.28077895 0.80926276 0.70079955 0.03672248 0.08339242 0.51995049 0.25953397
[57] 0.05996729 0.89469606 0.34869324 0.41553655 0.40445127 0.83609473 0.52393114 0.93899815
[65] 0.38518475 0.06608752 0.15131397 0.23462763 0.02846413 0.28337280 0.63550938 0.44512682
[73] 0.38352594 0.48599879 0.37150057 0.69539804 0.15674709 0.47470471 0.16723122 0.99993421
[81] 0.42649039 0.56373003 0.69239555 0.17791697 0.87095440 0.09436971 0.17366739 0.43697644
[89] 0.97239576 0.23656809 0.56035430 0.08714742 0.44388816 0.37384434 0.59523926 0.56333253
[97] 0.13400741 0.52140541 0.66856761 0.86668796
1.4.1.2. Phén phoi cua ho Béta

Mot bién ngau nhién X c6 phan phoi béta (a,b) néu ham mat d xac suat cia né c6 dang:

y .

vol k =

f(xa,b)=

F(a+b)

I(a)T(b

Khi d6: E(X) = —; Var(X)=

)

k.x”_l.(l —x)b_1 , 0<x<1
09

er[O,l]

13 hing s6 sao cho f (x, a,b) 1a ham mat do, F(c) 1a mot ham Gamma.

ab

(a+b)2(a+b+1)
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va P(X <x,)= Jgf(x;a,b)dx.
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Mo phong phan phdi beta(1,5) trong R

Code R
y_rbeta <- rbeta(100, shapel = 1, shape2 = 5)
y_rbeta

plot(density(y rbeta),

# Draw N beta distributed values

# Print values to RStudio console

# Plot of randomly drawn beta density

main = "beta Distribution in R")

Céc gia tri dugc mod phong tir phan phdi beta

y_rbeta # Praint values to RStudio console
[1] 0.055243013 0.040470605 0.119498277 0.058878526 0.533222000 0.059594478 0.140433487
[8] 0.062757443 0.007262550 0.115262498 0.052490015 0.066503661 0.019556051 0.062670384
[15] 0.015917083 0.070106359 0.106814302 0.031879448 0.123875379 0.143893192 0.124320322
[22] 0.006353812 0.152671970 0.160250878 0.265879302 0.214298219 0.079808722 0.049720739
[29] 0.009112857 0.038897511 0.063668297 0.168245259 0.151852671 0.119086455 0.216608264
[36] 0.395799947 0.208687229 0.177435192 0.265112935 0.707088495 0.195199927 0.151663940
[43] 0.167441641 0.502383368 0.312398823 0.020658080 0.204054179 0.101525373 0.038282880
[50] 0.268380355 0.095380989 0.195761497 0.060374540 0.053916948 0.129367101 0.391453264
[57] 0.056216306 0.245856477 0.218679072 0.124350791 0.256956299 0.858701795 0.107751502
[64] 0.281679963 0.270690940 0.049644980 0.063844979 0.132744882 0.024601948 0.029611728
[71] 0.083123016 0.193506544 0.132329741 0.403656053 0.114828335 0.449273994 0.126518159
[78] 0.375915347 0.041397810 0.628954089 0.126085320 0.374462042 0.047885842 0.009278074
[85] 0.120011945 0.021640172 0.026652730 0.036386348 0.258647592 0.110679605 0.063365007
[92] 0.330936869 0.012189474 0.432637508 0.022127216 0.134817482 0.399778588 0.219674490
[99] 0.073050728 0.020108191

1.4.1.3. Phén phoi ciia ho Gamma

Mot bién ngau nhién X c6 phan phoi Gamma (r,v) néu ham mat d§ xac suat cua n6 c6 dang:

f(xry)=kx'"e™; 0<x<oo

r

v

Vol k =

la héng s6 sao cho f (x; 7, v) la mdt ham mat do.

r(r)

Khi do: E(X) = %3 Var(X) = :—ZVE‘I P(X <x,)= ff(x;r,v)dx.
0

1.4.1.4. Phéin phoi chuin

M5t bien ngau nhién X c6 phan phoi chuan (u,02) néu ham mat do xac suat cia né cé dang:

f(x|,u,0'2):—.e 20 _0< X<

Khi d6: E(X) = uvaVar(X) = o2.
Mo phong 1000 quan sat tir phan phdi chuén tic

Codein R
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y_rnorm <- rnorm(1000, 0, 1) # Draw N normal distributed values

y_rnorm # Print values to RStudio console
plot(density(y rnorm), # Plot of randomly drawn beta density

main = "normal Distribution in R")

Mot phan cac gia tri dugc md phong tir phan phdi chuan tic

[865]
[871]
[877]
[883]
[889]
[895]
[901]
[907]
[913]
[919]
[925]
[931]
[937]
[943]
[949]
[955]
[961]
[967]
[973]
[979]
[985]
[991]
[997]

-0.
-3.
-0.
-0.
0.
1.
-0.
1.
-0.
0.
0.
0.
-1.
-0.
0.
-0.
-0.
-0.
0.
-0.
0.
0.
-0.

336115569
284167450
517212075
440838291
380357876
097691382
863800005
178076553
358830941
558239755
554913366
078682500
346114973
071772917
197517178
811474722
775005369
159814459
316211281
254060573
333867888
454404573
135778897

0.
-0.
==

0.

0.

0.

0.
-0.
-1.

0.
-1
-0.

1.

0.

0.
-1
-0.
-0.

0.
-0.
-0.

0.
-0.

173692855
168185733
526888102
763702623
728690617
323965574
802835042
811015366
226686423
744963544
532870281
408910868
925777644
125503158
779739463
535251198
319802006
729061976
029067420
410153108
513417493
131551355
064917413

D6 thi phan phdi chuan tic

Density

02 04

0.0

-0.
-0.
o
-0.
-0.
-0.
-1.
0.
-0.
0.
3
-0.
-0.
0.
-0.
-0.
1.
0.
1.
-0.
1.
-0.
-0.

854500307
712821511
134499041
685491837
329390452
693934157
031857954
852109301
481360568
482366417
702848679
502115162
919115781
241899061
661922349
264752916
130957258
597235386
857988835
935457470
154269646
195734482
551986214

2.
0.
-0.
-0.
-2.
0.
0.
-0.
1.
-0.
-0.
-0.
-0.
0.
0.
-0.
-0.
-1,
1.
-0.
0.
-0.
0.

774822489
490692188
838459755
143087626
202826127
260466532
279553316
648530563
442829883
586237175
391315367
908072223
474737911
291248346
544155642
943689258
440249408
990872018
169574576
111303779
196597281
501606769
301933000

-0.
. 264539994
-0.
-0.
.188779124
-2.
. 342820246
.449524283
-0.
-0.
. 834057879
-0.
. 040858268
-0.
. 860208689
-0.
.083365698
. 332228090
. 263918005
-0.
.323834283
-1.

normal Distribution in R

623461042

461189138
581191299

355786979

937465754

880050402

130176336

035107856

668069881

771345039

073327278

.311625689
.381012739
.703245900
. 681654995
. 807332175
.326785539
. 906647102
.751178577
.636266744
. 246723970
. 831437609
. 387783395
0.
0.
e
=3
0.
2.
-0.
0.
-0.
-0.

492408664
027613113
053173104
757250365
368079000
847261536
025992505
392484992
583583816
658242961

1.4.2. Phin phoi dong thoi ciia hai bién ngiu nhién lién tuc

N =1000 Bandwidth=0.2166

Xét hai bién ngu nhién lién tuc X va Y, goi f (x,»)1a ham mat d6 dong thoi ciia ching. Khi do:
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e Hiam mitdo biéncua X: f(x)= [ f(x.»)dy

e Ham matdo biéncta Y: f(y)= [ f(x,y)dx

—00

o Ham mét 8 xéc sult ctia X véi didu kien Y = y: £ (x|y)=" (x.9)
f(»)
e Ham mat d0 xéc suit cua Y voi didu kién X = x: f(»l x) - f]g’(C’J)’)
X

1.4.3. Phan phdi dong thoi cia mot bién ngiu nhién lién tuc va mot bién ngiu nhién roi rac
Xét hai bién ngﬁu nhién gém X 1a bién ngﬁu nhién lién tuc va Y 1a bién ngéu nhién roi rac, goi
(x.v,)1a ham mat d6 xdc suat dong thoi ctia chang. Khi do:
e Ham mat do bién cta bién ngdu nhién lién tuc X: f (x) = Z f (x, ¥ ) ,
J

e Ham xac suét bién cta bién ngiu nhién roi rac Y: f (yj ) = jf (x, Y, ) dx

e Ham mét do cua X voi didu kién Y = y;: f(x|yj)=f(x’y-’)— /()

F(3n) s (e )dx

/(x5 _ /(x5
fx) X (e

e Ham mat do cua Y v6i dieu kien X =x: f(y,[x)=

1.4.4. Suy dién Bayes cho ti 1¢ nhi thirc
Goi p 1a ti 1é tong thé, Y 1a tong s6 1an thanh cong trong n 1an thir v6i xac sudt thanh cong & mbi
1an thir 13 bang nhau va bang p. Khi d6 Y~B(n, p) va ham xac suit ciia Y véi diéu kién p dugc cho
nhu sau:
f(yip)=Cp’(1-p)";»=012,..,n
Trong cong thirc trén, chung ta giir nguyén p va quan sat phan phdi xac suat clia y qua tat ca cac
gia trj 6 thé ¢ cua né.
Néu chung ta d6i vai tro ctia p va y, nghia 13, chung ta giir nguyén y va cho p thay dbi theo tit ca
cac gia tri c6 thé c6 cia nd, chiing ta ¢6 ham hop 1y dugc cho nhu sau:
f(yip)=Clp*(1-p) "5 0< p<l

Dé st dung dinh 1y Bayes, chung ta can mot phan phdi tién nghiém g( p), 1a cho niém tin cua
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chung ta vé cac gia tri c6 thé c6 cua tham sd p trude khi ldy dir liéu. Nhu vy ham tién nghiém
khong dugc xay dung tir dit liéu. Khi d6, theo dinh 1y Bayes, phan phéi hau nghiém duoc cho nhu
sau:

g(ply)cg(p)<f(ylp)
Dé c6 phan phdi hau nghiém thuc té, ta can chia phan phdi hau nghiém trén cho mot hing sb k dé

1
no trd thanh mot ham mat do xac suat. Nguoi ta ching minh duoc khi d6 £ = _[ g(p)xf(ylp)dp

0

va ham ham phan phdi hau nghiém duoc cho nhu sau:
g(p)<f(ylp)

jg(p)Xf(ylp)dp

g(ply)=

1.4.4.1. Str dung tién nghigm la phén phéi déu

Khi khong c6 thong tin gi vé phan phdi tién nghiém cua p, chung ta c¢6 thé chon tién nghiém 1a
phan phéi déu, nghia 14 tit ca cac gia tri cua p la dong kha ning.

Khi d6, v6i phan phdi tién nghiém g(p)=1 0< p <1, ta c¢6 phan phbi hau nghiém dugc cho nhu
sau:

g(ply)=C/p’(1-p)7";0<p<1
1.4.4.2. Str dung tién nghigm la phin phéi Béta
Gia sir mat d6 tién nghiém dugc sir dung cho p nhu sau:
g(psa,b)= %p“ (1-p)™; 0<p<1
Phan phi hau nghiém bang tién nghiém nhén v6i ham hop ly. Nhu da nhan xét trong phan 1.3.2
ching ta c6 thé bo qua hang sb khong phu thudce vao tham sé trong tién nghiém va ham hop 1y.

Khi d6, ta c6 phan phdi hau nghiém 1a mot ham cua p, c6 dang:

a+y— b+n—y-1
g(ply)ecp™(1-p) ; 0<p<l
Day chinh 1a phan phdi beta véi cac tham sé a’=a + y va b’ =b + n - y. Nghia 1, s6 1an thanh
cong dugc thém vao a va s6 1an that bai duoc thém vao b, nhu sau:

F(n+a+b)

el (= )™ o< p<i
F(y+a)F(n—y+b)p ( p) P

g(ply)=
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