Chuong 4: HOI QUI BAYES

4.1 M hinh hoi quy don bién

Gia st chiing ta mudn mo hinh biéu dién mdi quan hé giira hai bién x va y, thong thuong
chung ta mudn str dung gia tri ctia x gitp du bao gia tri y thong qua sir dung mdi quan hé gitra hai
bién x va y néu ¢ trén.

Dit liéu bao gdbm n quan sat (x;, y;),i = 1,n. Trong trudng hop don gian nhét, mé hinh hdi
quy c6 dang

y=a+fx+e

Trong d6 € 1a nhidu (sai s6), dugc gia dinh tuén theo phin phdi chun véi trung binh bang 0 va
phuong sai 62,

Trong thong ké tan sudt, cac gia tri @, B dugc xem xét nhu cac hing s6. Do d6, puong phap
binh phuong cuc tiéu nham cyc tiéu hoa binh phuong cac sai léch.

Z Z(yl 9:)? Z(yl — @ - Bxi)z = min

Trong d6 cac tham sb dugc wdc lwong theo cong thirc

a=y-px
f= Sxy _ 2= =0 i —Y)
- Sxx - Z?:l(xi - E)2

Duya vao cac gia thuyét trong mo hinh héi quy tuyén tinh vé nhiéu € tuan theo phan phdi
chuén dong thoi sai sb clia tat ca cac quan sat doc 14p v6i nhau. Khi do, cac suy luin vé dang phan

phoi xac suat cua cac tham so

f~ N<ﬁ_2> N<a ?=1xi20_2>
xx ’ n SXX

Suy ra cac bai toan vé khoang tin cay cho cac tham s6 cua mé hinh hoi quy voi d6 tin cay

(1-a)la

Bai toan kiém dinh cac tham sé hdi quy, ciing nhu du béo cho quan st tiép theo déu dya
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vao dang phan phdi x4c suit cta cac tham sd.
Vidu 1. Cac két qua cia mot cudc khao sat dugc tong két lai va tinh toan céc két qua bang
phan mém nhu bang sau
Code R
x <-c(14.36, 14.48, 14.53, 14.52, 14.35, 14.31, 14.44, 14.23, 14.32, 14.57, 14.28, 14.36, 14.50,
14.52, 14.28, 14.13, 14.54, 14.60, 14.86, 14.28, 14.09, 14.20, 14.50, 14.02, 14.45)

y <-c(13.84, 14.41, 14.22, 14.63, 13.95, 14.37, 14.41, 13.99, 13.89, 14.59, 14.32, 14.31, 14.43,
14.44, 14.14, 13.90, 14.37, 14.34, 14.78, 13.76, 13.85, 13.89, 14.22, 13.80, 14.67)

c(mean(x), mean(y), sum(x”"2)/length(x), sum(y”2)/length(y), sum(x*y)/length(x))

Khi do, cac gia tri tuong tng la
X =14.3888, y = 14.2208, x?=207.0703, y? =202.3186, xy =204.6628
Céc tham s0 udc luong dugc nhu sau

~ x.y

f =—=——=———=1.299635

xx  x%— (%)?
@ =y — pxX =—4.479383

Hoic don gian chi cin mot 1énh trong R dé tinh ra cac gia tri wéc luong cho a va g 1a

Code R

Im(y~x)
Két qua nhu sau
> Im(y~x)

Call:
Im(formula = y ~ x)

Coefficients:
(Intercept) X
-4.479 1.300

Vidu 2. Cac két qua udc lugng vé phan phoi xac suat cua cac tham so

Code R

linearModel <- Im(y~x)
modelSummary <- summary(linearModel)

modelSummary
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> modelSummary

Call:
Im(formula = y ~ x)
Residuals:
Min 1Q Median 3Q Max

-0.34337 -0.14532 0.01753 0.12266 0.36966

Coefficients:
Estimate Std. Error t value Pr(>|t])

(Intercept) -4.4794 2.9692 -1.509 0.145
X 1.2996 0.2063 6.298 1.99e-06 *===
Signit. codes: O “®=«? 9001 **=¥ g.0f *=) 905 *.¥ O F A

Residual standard error: 0.1867 on 23 degrees of freedom

Multiple R-squared: 0.633, Adjusted R-squared: 0.617

F-statistic: 39.67 on 1 and 23 DF, p-value: 1.994e-06

Ngoai ra, chiing ta c6 thé tinh duoc mot s cac tham sd trong lya chon mo hinh nhu AIC, BIC:
Code R

c(AIC(linearModel), BIC(linearModel))

> c(AIC(1inearModel), BIC(1inearModel))
[1] -9.044825 -5.388198

4.2 Hoi qui tuyén tinh don Bayes
Ham hop ly cho cdac quan sat
Ham hop 1y cho quan sat thir i 1a
(Gl ) o exp |55 (v — a — x|
Ham hop 1y cho mau gom n quan st 1a

Lty 3, e, ) ﬁexp[ 7 Oi— = x|

i=1

Hay cong thuc tuong duong
1 n
l(xlfo' ""xnlalﬁ) X exp _FZ(YL —a-— ,Bxi)z
i=1

Phan phoi tién nghi¢m cho cdc tham sé
n(a, B) = m(a) x w(B)
Chung ta c6 thé chon phan phdi tién nghiém cho cac tham s a va B trong trudng hop don

gian 1a phan phdi déu hodc phan phéi chuan.
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Phén phéi hdu nghiém cho cdc tham sé
(@, Blxy, Xz, -+, xn) X (@, B) X 1(xq, X5, , Xy, B)
Do d6, néu thong tin tién nghiém gia str cac tham s tuan theo phan phdi déu hodc phan
phdi chuén thi phan phéi hau nghiém cia cac tham s ciing tuan theo phan phdi chuan.

Cu thé, gia str phan phdi tién nghiém cho tham sé B la m(B) ~ N (mﬁ, SE) va ham hop 1y
/ ~ g2 , P
cho tham s6 f 1a N (8, 2=). Khi do, phan phdi hau nghiém cho tham sd 8 1a r(8]ixy, Xz, -+, ) ~

N (mb, S[;Z) voi cac tham so dugce xac dinh nhu sau

1 1 Sy

7 ) 2
Sg S O

1
g
ro_ B ) 5
mp= etk
12 12
Sp Sp

Twong tu, d6i voi phan phdi tién nghiém cho tham sé a 1a m(a) ~ N(my, s2) va ham hop

. N2 52 . ‘
Iy cho tham s6 a 1a N (&,Z‘:Tlxlo—). Khi d6, phan phdi hau nghiém cho tham s6 a la

XX
(alxy, Xy, , X)) ~ N(mp, si?) véi cac tham so dugce x4c dinh nhu sau
1 1 no S,

@ s2 nx? o2
1 N Sex
L xf o°
1 1
sl? sl?

?:1 eiz

Trong d6 o2 chua biét duoc wéc luong bang 62 = =

Code R

coef <- c(lincarModelS$coefficients)
err <-y - coef[1]- coef[2]*x
sighatsq <- sum(err2)/(length(x)-2)
sighatsq

Két qua thu dugc gia tri ude lugng o2 1a

=~ sighatsqg
[1] 0.03486442

Hoac str dung code R twong duong
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Code R

sum(] inearModel$residualsA2)/(Tength(x)-2)
Vi két qua tuong tu

> sum(1inearModelSresidualsA2)/(length(x)-2)
[1] 0.03486442

Khodng wéc lwong cho cic tham so

Do (B|x1, X2, -+, Xp) ~ N(m;;, S[;Z) nén khoang udc luong cho tham sé B vai do tin cay (1 — a)

mg + Z% /sl’;z

Va trong trudng hop chua biét 02 dugc tinh toan théng qua 62 1a

! 2
mg T tn—z,%, ’ Sp

trong truong hop da biét o2 1a

4.3 Thuat toan Metropolis-Hastings
Gibbs sampler
Gia sir vecto tham s6 6 = (64, 65, -+, 0,;). Cac x4c suit thanh phan cta 6 1a
p(6;1057)
Trong d6 03}1 tuong tmg 13 cac thanh phan cta 6, ngoai trir cho 0;:
9t t= (91' T 1 1 9]+1 r 95—1)
Thudt toan Metropolish
Thuat toan Metropolish 1a mot hiéu chinh ctia budce ngau nhién v6i quy tic chip nhan/bac bo hoi
tu ti phan phdi xudt phat cu thé. Cac bude cua thuat toan nhu sau:
e Diém xuét phat 8°, trong 46 p(8°|y) > 0 v6i phan phdi xudy phat p, (0).
o Voit=12,-
o Phéan phdi dé nghi #* v6i phan phdi nhay tai thoi diém t 1a J,(6*|60t1), sao cho
phan phdi nhay c6 tinh chat dbi xtmg J,(8,160),) = J;(0,]6,) v6i moi 6, 6,, t.
o Tinh ty I¢ cadc ham mat do

_ p"y)
p(0~1y)
0 v&i xac suat min(r, 1)

bat 6t = {
° B 0t~ trong cac trwomg hop khac
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o Vi gia tri hién tai 6°~1, phan phdi chuyén T;(8¢|6t~1) cua chudi Markov 1a hon
hop clia cac diém roi rac tai 8¢ = ¢, Khi 8* = #*~1 c6 nghia 1a budc nhay khong
duoc chip nhan.

Thudt toan Metropolis-Hastings
Thuat toan Metropolis-Hastings 1a truong hop tong quat cuia thuat toan Metropolis trong d6 phan
phéi nhay mé rong khong can phan phdi d6i xtmg, voi ty 16 r 1a ty 16 cua cac ty 18

p(07|y)
= JACKIED)
p(6tty)
J:(6t7116%)

4.4 M6 hinh Bayes trung binh

Mo hinh Bayes trung binh nham chon mé hinh don tt nhat trong sé cac mé hinh c6 thé c6 phu
hop voi dir ligu.

Gia str ¢6 r mo hinh M;, M,, ---, M,.. Chiing ta tinh x4c suat hau ngihém ctia mé hinh M, vdi tap
dir lidu X,, = {xq, %, **+, x,} dugc xé&c dinh boi cong thirc

P(My) [ fi(Xp6,)7,(6;) A6y

=1 P(M)) [ £;(X0|0;);(8;)d6;

Phén phéi du bao cho quan sat trong lai z 13 f(z|X,,) duoc xac dinh boi cong thirc

P(My|Xn) =

r

FGlX) = ) P(M; |, f (21X,

j=1
Trong d6 f;(z|X,) = [ f]-(z|0j)nj (9]-|Xn)d0-,j =12,-,1.
Phan phéi du béo f(z|X,,) 1a trung binh ciia cac phan phéi du bao dwa vao tit ca cac mé hinh dugc
xem xét, véi trong 14 xac sut cac mo hinh hau nghiém twong tmg (Ando, 2010).
Mo hinh Bayes trung binh cho mé hinh hdi quy tuyén tinh

Yn = XinBj + €jn,
Trong d6 y,, 1a vecto n x 1 ctia bién quan sat ma chung t6i muén du bao, X ‘mlacacmatrann X p;
cac quan sat anh huong trong du bao, ; 1a vecto p; X 1 cac tham s0, €jn 12 vecto cac sai s, trong

do6 cac sai s6 doc 1ap, co phan phdi gibng hét nhau voi trung binh 0 va phuong sai o2.
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