Chuong 5

Ham mot bién so

Sau khi hoc chuong nay, ngudi hoc sé ¢6 cac k¥ ning va kién thiic sau:

1. Hiéu dugc mot sé dng dung ctia ham s6 va cac ham thong dung trong mo hinh
kinh t& don gian: ham doanh thu, 1¢i nhuén, chi phi, ham 1gi ich, etc.

2. St dung dudc dao ham dé tinh x4p xi gid tri can bién clia cdc ham kinh té, hé s
co gian cia cdc ham cung va cau, etc.

3. Xt ly dudc céc bai toan tbi wu trong kinh té.

4. St dung dugc phan mém mady tinh hé trg céc bai toan phiic tap.

5.1 Ham so mot bién

Dinh nghia 5.1 Mot ham sé thuc (real-valued function) ciia bién x véi tdp xdc dinh
(domain) D la mét quy tidc ma méi mot gid tri ciia x € D xdc dinh duy nhdt mot gid tri
clia ham s6. Gid tri ciia ham s6 f tai x thuong duogc ky hiéu lay = f(x).

Vidu 5.1 Gid ciia sdn phdm P la ham ciia lugng cau Q, biéu dién la P = 300 — 2Q.
H¢ 56 2 6 ddy cé don vi la $/sdn phdm.
Khi Q = 50 (sdn phdm) thi gid ciia chiing la P = 2008$.

Vidu 5.2 (Luong va tién thudng). Gid sit mot nhdn vién bdn hang nhdn dugc miic
Iuong theo hop dong keém theo mitc thudng. Trong hop dong quy dinh rdng luong hang
thdang gom cé ba phdn. Phdn luong co bdn la 7 triéu dong, phdn hoa héng la 10%
doanh sé bdn hang, phdn thudng thém ciia thdng la 5 triéu néu nhén vién bdn hang cé
thé’dat doanh thu trén 200 triéu trong thdang do.

Goi s la doanh thu bdn hang ciia nhdn vién va p la tién luong hang thdng ciia nhdan
vién dé, ta ¢é ham s6 p theo s la:

_J7+0.1s, s<200
~l1240.1s, s> 200
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34 CHUONG 5. HAM MOT BIEN SO

Ta thiy ham s6 nay 1a ham dong bién va gian doan tai diém s = 200. Vé dd thi biéu
dién ham trén?

Gia st nhan vién A dat doanh sb ban hang trong thang 1a 190 triéu, luong ctia A 1a
7+ 10% x 190 = 26 triéu;

Nhan vién B di dat doanh s6 190 triéu vio ngay 25 ctia thang va rit mudn dat mic 200
triéu dé c6 thém thudng. B thong bdo véi cac khach hang tiém ning ctia minh 12 néu
khéch ky hop dong véi gia tri tdi thidu 12 10 tridu truéc ngay cubi cling cia thang thi
B sé ting khich qua ting c6 gid tri tuong duong 8% gid tri hop dong ctia khach. Mot
s6 khach hang thich chuong trinh ny va B da c6 thém doanh sb vuot 10 triéu. Héi thu
nhap cla B khi d6 it nhét sé 12 bao nhiéu? So sanh vé6i thu nhap ctia A thi thé nao?

Vidu 5.3 Tong sdn phdm quéc néi (Gross National Product) sau t ndm duoc cho béi
mo hinh dy bdo sau:
GNP = 80",

Sau bao nhiéu ndm thi tong sdn phdm qudc néi cé gid tri la 100 ty $?

Ta can gidi phuong trinh sau: 100 = 80e%94 = .04t = In(1.25). Ta thu dugc t xap
xi 5.58 ndm.

5.2 Gidi han ctia ham s6 (limit of a function)

Dinh nghia 5.2 (Gidi han trdi). Ham s6 f(x) c¢6 gidi han trdi biang L tai diém a néu
véi moi € > 0, nhd tity ¥, thi ton tai mét s6 § > 0 sao cho khia — 6 < x < a ta cé
|f(z) — L| < ¢ ky hiéu

lim f(z)=L.
r—a~—
Vi du 5.4 Xét ham s6
||
fay =12,

Ta ¢ lim,_.o- f(z) = —1.

Dinh nghia 5.3 (Gidi han phdi). Ham sé f(x) c6 gidi han phdi bang L tai diém a néu
véi moi € > 0, nhd tity ¥, thi tén tai moét s6 § > 0 sao cho khia < x < a + 6 ta cé
|f(z) — L| < ¢ ky hiéu

zllgzlJr f(l') =L
Vidu 5.5 Xét ham s6
||
fla) =",

Ta ¢6 lim, o+ f(z) = 1.

Dinh nghia 5.4 Ham s6 f(x) goi la 6 gidi han tai diém a néu né cé gidi han trdi va
gidi han phdi bdng nhau, tiic la
lim f(z) = lim f(z) = lim f(x).

T—a T—a~ r—at
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Vidu 5.6

lim Y22 =1/4.

r—4 J,‘—4

5.3 Pao ham

Pinh nghia 5.5 . Cho ham s6 f : D — R. Ham f duoc goi la cé dao ham tai diém x
néu ton tai gidi han hitu han

i 1@ = o)

T—To Xr — X

flxo + Az) — f(fo))
Az '

(tuong tu, AlimO
r—

Gid tri gidi han do goi la dao ham cuia ham f tai xq, ky hiéu la f'(xo).

5.3.1 Dao ham cia mét s6 ham so cip
o O'=0; (2%) = ax* !t (a #0)

(a®) = a”In(a); log,(z)" = z1§(a)

o (%) =¢€%; log(x) = %

e sin(z) = cos(x); cos(x)’ = —sin(x)

1

e tan(z) = @; (cotan(z))" = T sin2(a)

e arcsin(x) = ﬁ, (arccos(x))" = — 11_x2
e arctan(z) = H_%; (arccotan(z))" = — 1+lgc2

5.3.2  Quy tic tinh dao ham
e Dao ham ctia ham t6ng, hiéu (u £ v) = v/ £’
e Dao ham clia ham tich (uv)’ = v'v + uv’

e Dao ham ham thuong

U u'v — uv’
(7)/ = 2
v v
e Dao ham ham hgp: cho ham y = f(u) va u = g(z) néu ton tai dao ham

' (), () thi
(Fg(@)) = ¢'(@)f (9(a)

e Dao ham ham &n cho & dang tham sb: cho y(x) xc dinh béi phucng trinh tham
séx =xz(t),y =y(t)(t € D,2'(t) # 0,Vt € D). Khi do:

oy dy Y)Y (t) =y (t)2" (t)
@) =3 = 2(t)’ (z) = 2/ (t)3 '
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5.4 Cac ung dung cua dao ham trong Kinh té
Ky hiéu ctia mot sb bién va ham thudng gip trong kinh té:

e Gid (price): p hoac P;

Lao dong (Labor): L;

Vén (Capital): K;

Ham lgi ich (Utility): U;

Chi phi (Total Cost): TC;

Doanh thu (Total Revenue): TR;
e Lgi nhuan (Profit) m =TR —TC.

5.4.1 Gia tri can bién (marginal value)

Trong kinh t& hoc, lugng thay ddi ctia ham y = y(z) tai 2o khi 2 ting 1én mot don vi
goi 12 gid tri can bién (marginal value). Ta ky hiéu 1a My(z). Coi sy thay d6i cia = 1a
kh4 nhd, ta c6 x4p xi sau day:

flzo+1) = f(20)

zo+1—x0

['(zo) = = f(xo +1) = f(x0).

Trong thuc hanh, d6i khi ta viét diu bang thay cho dau xap xi.

Vidu 5.7 Ham clia gid theo sé lugng cdu la P = 100 — 2Q. Tinh doanh thu cdn bién,
néu hién tai lwong cdu Q = 15 sdn phdm?

Giai: Ham doanh thu 1la R = PQ = (100 — 2Q)Q. Véi Q = 15 ta co:

MR =~ (R)' =100 — 4Q = 100 — 4 - 15 = 40.

5.4.2 Quy luat lgi ich cAn bién giam dan

Céac ham biéu dién lgi ich (thu nhép, doanh thu, 16i nhuén ...) déu tuan theo quy luét lgi
ich can bién giam dan.

Vidu 5.8 Ban rdt thich dn keo s6 co la. Ham "lgi ich” ciia ban sé ting khi ban duoc
dn keo. An chiéc ddu, ban thdy rdt tuyét! Thém mot chiée, vin rdt ngon (loi ich cdn bién
con cao)! Thém chiéc nita, cdm gidc ngon miéng co giam di chiit it. Néu thém chiéc
nita, roi chiéc nita, thi loi ich cdn bién sé ra sao?

Lgi ich can bién sé& luon gidm dan. Duéi géc nhin ctia ham s6, ham biéu dién 1gi ich 1a
cac ham c6 dao ham cip 1 giam dan, tic 12 dao ham cép 2 am.
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54.3 He sb co gian - elasticity

Gia st rang mot loai xe hdi tuan trude c6 gid 500 triéu va mot loai dién thoai di dong
c6 gid 5 triéu. Tuan nay chiéc xe hdi gidm 10 triéu, con dién thoai gidm 1 triéu.

a. Thuc chét xe hoi hay dién thoai di c6 bién dong vé gid 16n hon, xét tuong déi véi gia
tri clia san pham?

b. Phén ting clia ngudi tiéu ding sé nhu thé nao? Lam sao d€ so sanh su thay ddi tuong
ddi vé luong cau véi su thay d6i tuong dbi ctia gia san pham?

Trong thuc tién, ta sit dung khdi niém hé s co gidn dé xem xét su thay ddi tuong
dbdi ctia bién y(x)(vi du cung hoic cau) so véi bién x (vi du nhu gia ca).
Dinh nghia 5.6 H¢ 56 co gidan ciia y(x) theo bién x:

e ~Auly _Ayz
YR A/ Axy’

H¢ 56 co gidn tuong ving vdi mét diém xo: Khi x ting tic miic x = x lén 1% (hay mot
khodng dii nhd), ta co:
x
€yz (o) = y/(ch);

Vidu 5.9 Gid su gid ruou bia ting lén 5% lam lugng cdu giam di 3%. Vdy hé s6 co
gidn ciia cdu theo gid la bao nhiéu?

Heé s6 co gidn clia cAu theo gid 1a: -3% / (5%) = -0.6.

Vidu 5.10 (H¢ s6 co gian tai mot diém). Ham cdu ciia mot loai hang héa la

2000
P2

Q=

Tinh hé s6 co gidn ciia cau theo gid tai P = 5$. Udc lugng ty ¢ thay doi vé cdu khi gid
tang 2%.

Giai. Tai P = 5 tac6 QQ = 80. Hé sb co gidn ctia cAu theo gid tai P = 5 la:

Q'(P)P/Q = —4000 x 57 x 5/80 = —2.

Khi gid tir 5$ ting khoang 2% thi cau sé giam khoang 4%.
Chi § 5.1 Néu

o |¢| > 1 thi ta ndi co gian manh;

e |¢| < 11a co gian yéu;

e || = 1 thi ta c6 co gian don vi hay dding co.

Trong trudng hgp bai todn trén 1a co gidn manh vi | — 2| =2 > 1.
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5.5 Bai to4n tbi uu ciia hAm mét bién sé (optimization
of one-variable function)

Dinh nghia 5.7 Ham f(z) dugc goi la c6 cuc dai toan cuc tai x* néu
@) = f(@), Ve
f(x) dugc goi la c6 cuc dai dia phwong tai xo néu ton tai € > 0 rdt nho.
f(zo) > f(z), Vag—e<z<zo+e
Dinh nghia 5.8 Ham f(x) dugc goi la c6 cuc tiéu toan cuc tai x* néu
f*) < f@), v
f(x) dugc goi la c6 cuc tiéu dia phiong tai o néu ton tai € > 0 rdt nhd,
f(xo) < f(z), Vao—e<z<mo+te

Chii y 5.2 Cho ham s6 f(x). Dé'tim cuc tri ta thuc hién nhu sau:
Buedc 1: Tim cdc diém t6i han o, tiic la f'(x0) = 0 hodc diém xo ma tai dé khong ton
tai dao ham.
Budc 2: Xet bdng bién thién:

o Néu qua xo ham f' doéi ddu tir dm sang duong thi ham sé f cd cuc tiéu

o Néu qua xo ham f' doi ddu tiv duong sang dm thi ham sé f co cuc dai

o Néu tai xo ham f' khong doi déu thi ham f khong cd cuc tri tai x.
Péthay thé budc 2 ta cé thé'xét ddu ciia dao ham cdp 2:

o Néu f'(xg) = 0va f"(xo) < 0 thi ham s6 f(z) ¢6 cuc dai tai o,

o Néu f'(zo) = 0va f"(x¢) > 0 thi ham s6 f(x) cd cuc tiéu tai xo.
Néu cdn tim gid tri lon nhdt va nhé nhdt ciia ham sé trén doan [a, b] thi ta so sdnh ham
6 tai diém cuc tri véi cdc gid tri ciia ham sé tai cdc diém a, b.

Vidu 5.11 Xét quan hé gitia nha xudt bdn va tdc gid sdch. Gid s ham gid theo cdu la
p = 100 — x, ham doanh thu ctia nha xudt ban la R = px = (100 — z)x. Ham chi phi
la C = 25x. Gid sit tdt cd sdch in ra duoc bdn hét va nha xudt bdn sé trd cho tdc gid
10% phi bdn quyén.

Khi do thu nhdp cuia tdc gid sdch la:

y(x) = 0.1pz = 0.1(100x — x?).
Con lgi nhudn ciia nha xudt bdn la:
7(x) = R(z) — C(z) — y(x) = 65z — 0.922.

a. Tdc gid mudn ddt ra mot cdi gid va lugng sdch can in dé’sao cho thu nhdp anh ta dat
cuc dai. Gid dé la bao nhiéu va cdn in bao nhiéu bdn?

b. Phia nha xudt ban ciing muén cd lgi nhudn t6i da, vdy gid ho mudn duwa ra la bao
nhiéu va can in khodng bao nhiéu cudn sdch?
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Gidi. Tac6 3/ (z4) = 0 = x4 = 50. Do d6 gid sach tdc gid mong mudn sé la:
pa =100 — z4 = 508.

Déi véi nha xuét ban thi ho ciing mudn dat 16i nhuén tdi da, do d6 ta c6 lugng sich ma
nha xuét ban muén in sé xip xi bang:

7' (zP) = 65 — 1.82F = 0 = 2P ~ 36.

Gia tuong dng xap xi p? = 64$.
So sanh hai két qua ta thiy ring nha xuit ban mubn dua ra gid ban sach cao hon va in
it ban hon tic gi sich mong mudn.

5.6 Thuc hanh lap trinh

Trong chuong trudc ta da biét ding Excel d€ gidi bai toan quy hoach tuyén tinh. Véi bai
toan phi tuyén mic do don gian, Excel hd trg xi ly tuong ddi hiéu qua: vi du chay trén
Excel

Trong phan nay ta sé thif dung ngon ngit R d€ giai quyét bai toan tbi uu & trén.

1. Cai dit R truée rdi t6i Rstudio, file cai c6 & trén web: bam vao day

2. Sau d6 khéi dong Rstudio dé bat du lap trinh trén R: bam vao day.

RStudio - X
File Edit Code View Plots Session Build Debug Profile Tools Help

o - xR S = Go to file/function ~ Addins ~ R Project: (None) ~
@7 HamOptimize.R @7 solnp_Lagrange.R - Environment  History  Connections a0
: Source = O A+ > [ | P~ . .
1 # NOT RUN { Files Plots Packages Help Viewer o (=
2 require(graphics) a DN optimize
3
4 £ < function (x, a) (x - a)A2 R: One Dimensional Optimization ¥ Find in Topic
5 xmin <- optimize(f, c(0, 1), tol =0

optimize {stats R Documentation
.0001, a = 1/3) plimize {stats}

Xmin

~N

o One Dimensional
8 ## See-where-the-function-is .. .
evaluated: Optimization

9 optimize(function(x) xA2*%(print(x)-1
), lower -=-0, upper-=-10)

10 ) Description
6:5 Top Level) = R Script = . . )
(Top Level Si? The function optimize searches the interval
Console a0 from lower to upper for a minimum or .

11:19PM
dx o ENG

12/10/2019 5

Hinh 5.1: T6i vu mdt bién véi ham optimize() trén R.


https://www.youtube.com/watch?v=dsNQrW7ZiFw
https://rstudio.com/products/rstudio/download/#download
https://www.rdocumentation.org/packages/stats/versions/3.6.1/topics/optimize
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1.

CHUONG 5. HAM MOT BIEN SO

Mot s6 bai tip va thuc hanh cudi chuong 5

(Tiéng Anh hoc thuat va thuc hanh 14p trinh). Poc hi€u phian huéng dan thuc
hanh va chay thi ham optimize():
https://www.rdocumentation.org/packages/stats/versions/3.6. 1/topics/optimize.

. (Bai tdp nhém). Lap trinh gidi bai mot sd bai tap cudi chuong Differentiation

trong sach "Mathematics for economics and business", lan Jacqueﬂ MJdi nhém
lam mot hodc hai bai tudng tng véi cac ndi dung tng dung khéac nhau, gidi thich
phan 14p trinh qua mot bai trinh bay ngan dé néi vé két qua nhém lam dugc.

. Ham t8ng doanh thu 1a TR = 50Q — 3Q? va ham t6ng chi phi 1a TC = 20+2Q.

TIm ham 1¢i nhuén bién va tinh gia tri Igi nhudn bién tai Q = 3. Néu y nghia ciia
két qua.

. Ham ciu ctia mot loai hang héa 1a P = 95 — Q2 — 4Q. Tinh hé sb co gidn ctia

cau Q theo gia P, khi gid P = 50($)? Néu y nghia clia két qua tim dugc va nhan
xét su co gian & déy 1a co gian manh hay yéu, hay déng co?

. Ham doanh thu cén bién 1a M R = 36 — 2Q) va ham chi phi cén bién la MC =

3($). Biét chi phi c6 dinh 1a 20($), tim 1¢i nhuén tbi wu?

http://93.174.95.29/_ads/96A8076441FD5FAB8966D6B303EFE4497


https://www.rdocumentation.org/packages/stats/versions/3.6.1/topics/optimize
http://93.174.95.29/_ads/96A8076441FD5FA8966D6B303EFE4497

Chuong 6

Ham nhiéu bién (function of
multi-variables)

Sau khi hoc xong chuong ndy, ngudi hoc c6 thé:

e Hiéu dugc mot s6 ting dung ctia ham nhiéu bién trong thuc té, vi du ham thuan
nhét va bai todn quy mo san xuat.

e Sif dung dugc dao ham riéng d€ phan tich gid tri bién, tinh x4p xi hé s co gian
ctia cac ham kinh té.

o Giai dugc bai todn t6i vu khong diéu kién va tdi uu c6 diéu kién trong kinh té, vi
du bai todn lién quan téi t6i uu héa 16i nhuan, bai toan lugng cau Marshall, lugng
cAu Hick.

e Dung dugc phan mém hd trg gidi bai todn phiic tap.

6.1 Ham nhiéu bién

Pinh nghia 6.1 Ham f ciia hai bién sé x,y trén tdp xdc dinh D la mot quy tdc moi
gid tri ciia x,y € D thu dugc mot gid tri z = f(x,y). Cdc bién x,vy la bién dic ldp va
z la bién phu thudc.

Vidu 6.1 R. Frisch and T. Haavelmo dd dwa ra mé hinh tiéu thu sita ciia cdc ho gia

dinh nhu sau:
2.08

z=A A>0

T 15
pls
trong do z la mufc tiéu thu sita, p la gid sita, m la miic thu nhdp ciia ho gia dinh.

Vidu 6.2 Ham hai bién thuong xudt hién nhiéu trong kinh té, ching han nhu ham
Cobb-Douglas vé ndng xudt dua trén von sé hitu va lao dong. Mo hinh tong qudt nhy
sau:

F(K,L)= AK“LP.

41
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M& rong dinh nghia ctia hAm hai bién ta c6 ham cta n bién sb 1, za, ..., ,,, ky hiéu
y= f(xla x2, 7xn)

Dinh nghia 6.2 Ham thicc f la ham thudn nhdt bdc s néu: f(tX) = t* f(X).

Ham Cobb-Douglas néu trén 1a ham thuan nhit. Thong thudng trong bai todn quy md

san xudt ta xét mot ham thuin nhit nhu trén va xét t > 1. Gia si ham san xuét 13 thuin
nhit bac s. Ta cé

e s > 1: hiéu qua san xuit ting theo quy mo,
e s = 1: hiéu qua san xuit khong ddi theo quy mo,

e 5 < 1: hiéu qua san xuit giam theo quy md.

6.2 Dao ham cua ham hai bién so

Xét ham s6 z = f(x,y). Ta mubn biét z thay ddi thé nao néu ta thay ddi cac gia tri cia
X, y. Néu ta c6 dinh bién y, tifc 1a coi y nhu 12 hiing s6 thi khi d6 ta 6 dao ham ciia ham
z theo bién x. Néu cb dinh bién « thi ta c6 dao ham cia z theo bién y.

Cac dao ham ctia z theo cic bién 2, y nhu vy dudc goi 1a cac dao ham riéng, ky hiéu
1a 2 5 va 8Z hodc 2, z; .

V& mit todn hoc ta cé dinh nghia ctia cac dao ham riéng nhu sau.

Dinh nghia 6.3 Cho ham z = f(x,y) dao ham riéng cia f theo cdc bién duoc xdc
dinh nhu sau

0 h
1= 0 g) =y LD = T00)
,_of, Hog+ B — o)
fy= 5, (@ 9) = [ k

Dao ham riéng cip 2 cta ham z = f(x,y) theo cic bién =, y, ky hiéu %, gzg, ggy

hodc ( ffl, f;27 f{;) dudc dinh nghia nhu sau:

0? 0 /0
L= o ()
02 f 0 (0f
a2 =5, (5,@)

PL = 2 (P ) = 2 (Y )
Oxdy Y= B Oy W)= Oy \Ox 9
Ma tran dao ham cép 2 goi 12 ma tran Hessian, luon d6i xing. Dang ma tran tdng quat:
o foin
H— for foo fon

" " "

fnl an "'fnn
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Vidu 6.3 Tim cdc dao ham riéng cdp 1 va cdp 2 ciia ham sé
a.z = f(z,y) = 2%y +2y® + o +y*
m2-08

6.3 Ham bién va hé so co gian

Vidu 6.4 Ham sdn lugng nong nghiép y = f(K,L,T), trong dé K la von, L la lao
dong va T la ving sdn xudt. Khi do g—}; xdp xi sdn luong bién theo vén, no cho ta biét
téc do thay déi ciia sdn luong theo su thay doi ciia vén K. Vi du néu g—}; = 5 thi khi

ting lugng vén lén h don vi thi sdn sudt ting thém 5h don vi.
Xét ham sdn xudt f cé dang moé hinh Cobb-Douglas

y=f(K,LT)=2K*LT"

a. Tinh ham sdn xudt bién va hé sé co gidn theo bién von, lao dong va vimg sdn
xu(ft, biét K = Ko, L =Ly, T ="1Ty.

b. Ma trdn Hessian cdc dao ham cdp 2 ciia ham f la ma trdn cdp mdy? Ma trdn
Ao P A . 7 2
nay co doi xving khong? (Goi y: hy; = % = f//xixj).
T J

Vidu 6.5 Nhu cdu tién mdt M 6 nudc M5 trong giai doan 1929-1952 dugc uéc lugng
cho bdi ham sau: M = 0.14Y +76.03(r —2) %8 (r > 2). Trong d6 Y la thu nhdp
qudc gia, r la ldi sudt (%). Hdy tim biéu dién ciia ham bién, hé sé co gian tai diém
(Yo, o) cho trudc va tinh ma trdn Hessian. (Goi y: Ma trdn Hessian la ma trdn vudng
cdp 2).

6.4 Cuc tri ham nhiéu bién

Cho ham z = f(x,y), ta mubn tim gia tri 16n nhit va nhd nhét clia 2. Ta gia si
ring ham f dat cuc dai tai di€m (z0,yo). Néu ta ¢ dinh gia tri y tai yo thi ham sb
g(x) = f(x,y0) s€ 6 cuc dai tai xg, tuong ty ham h(y) = f(xo,y) dat cuc dai tai
diém Yo-

6.4.1 Cuc tritu do

Dinh ly 6.1 (Diéu kién cdn va dii dé’ham sé dat cuc tri). Cho ham hai bién z = f(x,vy)
dé" ham sé ¢ cuc tri tai diém (xo,yo) (cuc dai, cuc tiéu) thi diéu kién cdn la hodc 7
khong co dao ham, hodc co dao ham tai do bang 0, tic la:

0 0
%(Io,yo) = 0; %(Ioayo) =0.

Dat A= f11(20,90); B =; f12(20,40); C = fon(x0,50); A= AC — B2,

a) Néu A > 0va A > 0 thi ham sé dat cuc tiéu tai (zo, o) -
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A
4 M\,_ ' d - >

Hinh 6.1: Ba trudng hop thong dung ctia bai todn ti uu: diém max, min va yén ngua.

b) Néu A < 0va A > 0 thi ham sé dat cuc dai tai (zo, yo).

c) Néu A < 0 thi ham sé khong ¢ cuc tri.

d) Néu A = 0 thi khong co két ludn gi, phdi khdo sdt thém.
Vidu 6.6 Tim cuc tri ham f(z,y) = 2° — 2% — y? + 8.

Huéng din. Tim cdc diém ding

0 0
fle) = S (e0) =30% =20 = 0; o) = 5o (0.0) = ~2 =0

Suy ra (z0,y0) = (0,0) va (z0,40) = (2/3,0).
Tacd fi1(z,y) = 6z — 2;f12(x,y) =0; fou(z,y) = —2.
Tai cdc diém ding ta xét dau ctia A dé suy ra diém cuc tri.

Vidu 6.7 Mét hing sdn sudt hai loai mét hang A va B. Chi phi sdn xudt (cost product
function) hang ngay x don vi mdt hang A va y don vi B la

C(z,y) = 0.0422 + 0.001zy + 0.001y* 4 42 + 2y + 500.
Gid sit gid (mdi don vi) twong ving la 158 cho A va 98 cho B. Tim mifc sdn xudt x,y sao
cho ham lgi nhudn w(x,y) = 15z + 9y — C(z,y) dat cuc dai.
6.4.2 Cuec trico diéu kién (constrained optimization)

Tim cuc tri cia ham f(z,y) v6i o,y c6 rang budc diéu kién g(x,y) = c. D€ giai bai
todn nay ta c6 phudng phap Lagrange véi cac budc nhu sau.

(I) Viét ham Lagrange
L(z,y) = f(z,y) + Mg(z,y) — )

trong d6 \ 12 mot hing sb.
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Free
Constrained maximum
Y : X,
maximum
constraint
0 X,

Hinh 6.2: Cuc tri ¢6 diéu kién.

(II) Tinh cdc dao ham riéng 4%, % ctia ham L theo céc bién z,y

(IIT) Gidi hé phuong trinh sau d€ tim diém ding g, Yo, Ao

oL , , B

oL ’ ’

g(z,y) =c

Gid tri Ao dudc goi 1a nhan tir Lagrange.

(IV) Lap ma tran Hessian

1" " "

/ /

0 S 7 W R

H=\ Loy Lo Ly | = |9 Ly Ly,
/

Lyz\ yz vy 9y Lya Ly

Tinh dinh thic | H| tai cac di€ém dung (o, yo, Ao).

(i) Néu dinh thic |H| < 0 thi ham sb dat cyc tiéu.
(ii) Néu dinh thic |H| > 0 thi ham s6 dat cyc dai.

6.5 Thuc hanh trén may tinh

45

Trong phan trudc ta gidi bai todn tdi wu bing excel va ngdn ngit 1ap trinh R. Sau khi cai
dit R va Rstudio, ta khéi dong Rstudio va ding mot géi thu vién t6i vu d€ tim 15 giai.
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C6 nhiéu g6i thu vién t6i uu va ham tuong ting dé tham khao, bim & day. Trong hinh
?? ta ding ham solnp() d€ gii bai todn tdi uu c6 diéu kién:

RStudio - X
File Edit Code View Plots Session Build Debug Profile Tools Help
S - - Go to file/function - Addins - B project: (None) ~
9 solnp_Lagrange R -] Environment  History = Connections -]
SourceonSave = A, A~ #| %% | P Source - Ty # Import Dataset * | & List = @
1 install.packages("Rsolnp™) T Global Environment ~
2 Tibrary(Rsolnp) vaia =
3+ f <~ function(x){ ) © sol1 List of 10
9 k-=--6.0%(x[1]A(1/3))* (x[2]7(2/3)) pars : num [1:2] 1120 112
5 return(k)
6 1 convergence: num 0 .
7~ g <- function(x){ . 5
8 z1 = x[1] + 20%x[2] Files Plots Packages Help Viewer P |
9 return- (zl) ) @ solnp
in il A
71 ax) = RScript 2 R: Nonlinear optimization using augmented Lagrange method. ~  Find in Topic
Console  Terminal Jobs =  solnp {Rsalnp} R Documentation
. " Nonlinear optimization usin
>x0 = c(1,1) p d
> 501l <- solnp(x0, fun = f, eqgfun = g, egB = ¢) augmented Lagrange methOd.
Iter: 1 fn: -1447.7808 Pars: 1120.00267 111.99994
Iter: 2 fn: -1447.7801 Pars: 1120.00003 112.00000 Description
Iter: 3 fn: -1447.7801 Pars: 1120.00001 112.00000
solnp--> Completed in 3 iterations The solnp function is based on the solver by Yinyu Ye which
> solves the general nonlinear programming problem: -

15 PM
11/28/2019 8

ok ENG

Hinh 6.3: Giai bai toan t6i uu c6 diéu kién biang ham solnp() trong R.

Phan tiép theo ta sé thit nghiém 1ap trinh Python (mdt ngon ngit 1ap trinh md dang
rit thinh hanh hién nay). Ta sé cai dit Anaconda hoic dung Python online.


https://www.is.uni-freiburg.de/resources/computational-economics/5_OptimizationR.pdf
https://www.anaconda.com/distribution/
https://jupyter.org/try
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) ANACONDA NAVIGATOR S

Al Apps Documents settings More v
Refrest
Best match
Anaconda Navigator . Qt Console Spyder
3 Desktop app > » A aa3 A 333
. a3t supports inline figures, Scientific Pvthon Development
A N Itiline editing with syntax EnviRonment. Powerful Python IDE with
PPs graphical calltips, and more. advanced editing, interactive testing,
. debugging and intrespaction Features
s Windows Fax and Scan > Anaconda Navigator
Deski

@ Defragment and Optimize Drives >
Folders (2+)

= Open
Documents (3+) o o

T3 Run as administrator _
Settings (3+)

[ Open file location

-2 Pin to Start

RStudio VS Code
49 Pin to taskbar T o aes
[l Uninstall rated tools designed ko help | | Streamlined code editor with support for
sroductive with R IncludesR | | development operations like debugging,
Itials and notebooks. task running and version contro!

Hinh 6.4: Cai dat va khéi dong Anacoda.

s AnsCUnUA NEVIgaLUn

File Help

_) ANACONDA NAVIGATOR Signedinss h

A Home o
Applications on Channels

. Environments

o=
N Learning Jupyter
.
JupyterLab MNotebook t Console
Community Py Q
0354 578 A 443
An extensible environment For interactive Web-based, interactive computing PYQE GUI that supports inline figures, Scientific P'fthon Development
and reproducible computing, based on the notebook environment. Edit and run proper multiline editing with syntax EnviRonment. Powerful Python IDE with
Jupyter Notebook and Architecture. human-readable docs while deseribing the highlighting, graphical calitips, and more. advanced editing, interactive testing,
data analysis. debugging and introspection Features

o 2 b o
Documentation g
Glueviz Qrange 3 RStudio VS Code
Peveloper Blog 0133 3.15.0 1.1.456 1392
Multidimensional data visuslization across | Component based data mining Framewsork. A set of inkegrated tools designed to help | Strezmlined code editor with support For
files. Explore relationships within and Dats visuslization and data anzlysis For wou be more productive with R. IncludesR | development operations like debugging,
" i (] among related datasets. novice and expert. Interactive workflows essentials and notebooks. task running and version centrol.

Hinh 6.5: Ciia s6 Anacoda Nagigator.
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C @ localhost:3830/tree

"~ Jupyter

Files Running Clusters
Select items to perform actions on them
0 -~ M/
[ 3D Obijects
Contacts
Deskiop
Documents
Downloads
Favorites
O Links
Music
Pictures

Saved Games

[ Searches
D Videos

& _Essential Maih-NN ipynb
& ANN-Forward-Back ipynb

& Lecture 1 - Matrix.ipynb

slhost890/tree® _

Name ¥

w ¢ &k O =

Quit | | Logout

Upload =

Netesaok:

Python 3

Create a new noteboc
Other-

Text File
Folder

Terminal

e

2 hours age

amonth ago

amonth ago

amonth ago

amonth ago

amonth ago

amonth ago

amonth ago
4monthsago  4.72kB
4monthsago 154 kB

4 months ago 512kB

Hinh 6.6: M¢ file Python néu di c6 sdn hoic md mot file méi.

C @ localhost:8890/notebooks/Untitled3.ipynbkernel_name=python3
': Jupyter Untitled3 Last Checkpoint: a few seconds ago (unsaved changes)

File Edit View Insert Cell Kemel Widgets Help

B+ 5 @B 4 ¢ HRu B C W/ come e

w ® &k O x@
A Logout

# |Python3 O

I In [ ]:|]

Hinh 6.7: Ciia s6 1ap trinh.
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Untitled1 X + N
< C @ localhost:8888/notebooks/Untitled1.ipynb#  ® &k O =
" Jupyter Untitled1 Last Checkpoint: 7 hours ago (autosaved) Logout
File  Edit View Inset  Cell Kemel Widgets  Help Trusted| # | Kemel O
B+ s BB 4 & HRin B C W code ML

In [16]: def objective(x):

x1-x[8]
x2=x[1]
return -(x1+1)*(x2+2)

def constrainti(x):
sum=25
for i in range(2):

sum=sum-x[1]

return sum

# optimize

b-(8,25)

bnds - (b,b)

cons = {"type’: 'ineq’, 'fun': constrainti}

solution -minimize(objective,x@,method="'5L50P",\
bounds-bnds , constraints-cons)

x = solution.x

'+ str(objective(x)))

)
print(‘x1 + str(x[]))
print(*x2 = ' + str(x[1]})

Final Objective: -195.09999997935845
Solution

x1 = 13.000020301168965

%2 = 11.9990006073565644

Hinh 6.8: Chay chuong trinh va doc két qua bai toan t6i wu.

6.6 Mot s6 bai tap va thuc hanh cudi chuong 6

1. (Tiéng Anh hoc thuat va thyc hanh 1ap trinh). Xem video huéng din thuc hanh
va lap trinh chay vi du trong d6 Video Python.

2. (Bai tap nhém) Lap trinh gidi bai mot s6 bai tap cudi chuong Partial Differenti-
ation trong sach "Mathematics for economics and business", Ian J acque Mbi
nhém lam mét bai véi ndi dung ing dung khac nhau, giai thich cac ham da dung
va két qua qua mot bai trinh bay.

3. (Ham thuin nhét va bai toan quy mo san xuit). Cho ham san xuit cia mot doanh
nghiép 12 ham Cobb Douglas Q = Q(K, L) = AK°LY, trong d6 Q, K, L lan
luct 1a san lugng (quantity), lugng von (capital) va lugng lao dong (labour); A,
a, b 1a cac tham s6 duong. Panh gia hiéu qua clia quy mo san xuit, biét ring
a = 0.3 va b = 0.5. Néu doanh nghiép mudn gidm 10% lugng nhan cong L thi
can ting lugng v6n 1én bao nhiéu phan trim dé duy tri miic san lugng hién tai?

4. (Ung dung ctia dao ham riéng: ham bién, hé sb co giin). Doanh nghiép c6 ham
san xuitla Q = K (L+4), gia sén pham trén thi trudng 1a P = 2(triu@ng/snphm).
Gi4 thué mot don vi von 1a 1 triéu dong va gid thué mot don vi lao dong 1a
0.4 triéu dong. Chi phi ¢ dinh ban dau 12 Cy = 100 triéu dong. Xét tai vi tri
K =200,L = 30:

Ihttp://93.174.95.29/_ads/96A8076441FD5FA8966D6B303EFE4497


https://www.youtube.com/watch?v=cXHvC_FGx24&list=PLl-t-75DB2rvqwIG7cGQeUbW_auxwGYjp&index=29
http://93.174.95.29/_ads/96A8076441FD5FA8966D6B303EFE4497
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a. Xdc dinh ham chi phi, chi phi cin bién va hé s6 co gin.
b. Xac dinh ham téng doanh thu, doanh thu cin bién va hé sb co giin.

c. Xéc dinh ham 1¢i nhuan, 1¢i nhuén can bién va hé sb co gian.

5. (Bai toan t6i uu tu do). Mot doanh nghiép doc quyén sin xuét hai loai hang héa.

Gia st ham cAu clia chiing 1an luot la:
Q1:990:.P1—.P27 q2:1390—P1—2P2.
Ham t&ng chi phi 1a TC = Q? + Q1 Q2 + Q3.

a. Tim ham Igi nhuin cia doanh nghiép?

b. Tim san lugng mdi loai hang dé€ I¢i nhuan dat t6i uu? Tinh gia tai thai diém
do?

. (Bai todn t6i uu c6 diéu kién). Mot ngudi mudbn tim sb gid 1am viéc moi tuan dé

t6i wu héa ham 1¢i ich U = 4E%°F, trong d6 E Ia tién luong nhin dugc mbi
tuan($) va F 1a sb gid ho khong phai 1am viéc mdi tuan (gid). Biét rang mdi gio
1am viéc ho dudc tra luong 20$ (sau khi da trir thué).
a. Xac dinh ham rang budc gita E va F?
b. Ngudi d6 nén lam viéc bao nhiéu gid mdi tuan dé ham lgi ich dat t6i wu.
c. Néu tién luong mdi gio ting 1én thi ngudi d6 c6 nén ting hay giam sb gid
lam viéc hang tun d€ dat 1gi ich t6i da?



Chuong 7

Tich phan ham mét bién

Sau khi hoc xong chuong nay, ngudi hoc c6 thé:

- Hiéu va c6 thé tim dudc nguyén ham, tich phan bt dinh, tich phan xic dinh clia
mdt s6 ham kinh té.

- Biét van dung tich phan d& xt ly mot sb bai todn trong thuc tién, cu thé: xdc dinh
dugc ham kinh t& khi biét ham bién tuong tGng (vi du ham 1¢i nhuan, doanh thu, chi
phi); tinh dudc quy von khi biét ham dau tu; tim dugc thing du tiéu dung va thing du
san xuAt.

- C6 khdi niém so lugc vé tich phan suy rong, ting dung cla tich phan suy rong
trong thuc tién.

7.1 Tich phan khong xac dinh (nguyén ham)

Pinh nghia 7.1 Cho ham s6 f(z), ham F(x) dugc goi la mot nguyén ham ciia ham
f(x) néu f(z) = F'(x) = df(g). Ky hiéu

/f(x)dx = F(x)+C.

Chi ¥ 7.1 Mt s6 cong thiic tich phén bdt dinh

a. /[f(x) + g(x)]dz = /f(x)da:i/g(m)dx’

/kf(m)dx:k/f(:c)dx, (k la hang sd,)

va mét sé tich phéan don gidn

a.

ma+1
by = C -1
/Jc T a+1+ , a#—1,

51
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/ e*dr = e* + C,
/%dm =ln|z|+C.
7.2 Tich phan xac dinh (tich phan Riemann)

Ta da biét mot trong cic bai toan xuit phdt ctia tich phan xac dinh 1a d€ tinh dién tich
mot hinh thang cong, hay mét hinh phang c6 hinh dang tiy .

O:n::n- .9 O|||||| 9"0""' 9

Hinh 7.1: Tich phan xéc dinh, nguon: http://www.hhofstede.nl/modules/
riemann.htm.

Dinh Iy 7.1 Néu f(z) la ham lién tuc trén [a,b] va F(z) la nguyén ham cia f thi ta c6

b
/ f(@)dz = F(b) — Fla).

DPinh 1y 7.2 Néu f la ham lién tuc (hodc it nhdt la khd tich, nghia la cé thé' ldy tich
phdn) trén [a,b]. Vi Vx € [a,b] ham s6 F(x) = / f(t)dt c6 tinh chdt

Mot s6 tinh chét don gian ciia tich phan x4c dinh
c b c
) / flz)dz = / fz)dz —|—/ f(z)dx,véia <b<e,
a a b
(i) / f(z)dz =0,
a

i [ o=~ [ faya,


http://www.hhofstede.nl/modules/riemann.htm
http://www.hhofstede.nl/modules/riemann.htm
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(iv) néu ham f(z) < 0 véi moi x € [a, c] thi / f(z)dz < Ova |/ f(z)dz|1a gid

trj dién tich ciia mién gi6i han bdi ham f trén [a, c].

7.3 Cac phuong phap tinh tich phan

e Phuong phép tich phan tiing phan

b b
/ udv = wv|’ — / vdu.
a a

e Phuong phép ddi bién

b g(b)
) g (z)dx = t)dt.
/a fg(@)d () / N0

Nhan xét: Mdy tinh cam tay c6 thé tinh c4c tich phin x4c dinh thong thudng.

7.4 Ung dung cta tich phéan trong kinh té

Trong phan nay, ta sé néi t6i viéc ung dung tich phan d€ xac dinh cic ham chi phi,
doanh thu, 1gi nhuén ... khi biét ham bién tuong ting, xdc dinh quy von khi biét ham
dau tu, xdc dinh thing du tiéu dung va thing du sn xuét khi biét ham cau va ham cung
clia san pham.

7.4.1 Xac dinh cac ham kinh té khi biét ham bién tweng ting

Ta d4 biét ham bién chi phi M C, ham bién doanh thu M R, ham bién 1gi nhuan M la
x4p xi dao ham ctia ham C, R, 7 dang xét. Vay ham C, R, 7 1a tich phan ctia cdc ham
bién.

Vidu 7.1 Ham doanh thu cén bién la MR = 360 — 0.5Q2, ham chi phi bién la
MC = 120+ 0.1Q?. Chi phi c¢é dinh la 50(8). Tinh lgi nhudin t6i da trong truong hgp
trén.

Giai.

Ham 1gi nhuén la tich phan ctda ham 1¢i nhuén bién, do dé:

m(Q) = /(MR - MC)dQ = /(240 —0.6Q%)dQ = 240Q — 0.2Q* + .

Khi san xuit bang 0 tic 1a Q = 0 ta c6 doanh thu Ry = 0, con chi phi ¢ dinh
1a Cyp = 50($) nén my = —50($). PE tim 1¢i nhuan t6i da, ta can tim Q > 0 dé
Mm = mg, =0.

Tir d6 suy ra 240 — 0.6Q% = 0 — Q = 20 (do Q > 0). Ldi nhuén t6i da dat dugc khi
Q =20 lamax7 = 240 x 20 — 0.2 x 20% — 50 = 3150($)..
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7.4.2 Quy von va lugng dau tu

Goi K (t) 1a quy von, I(t) 1a lugng dau tu tai thai diém ¢. Khi d6 1(¢) 1a bién té ctia quy
von K (t). Ta c6 biéu thic:

K'(t)=1(); K(t)= /t[(T)dT + Ko

to

Ky 1a quy von ban dau tai thai diém ban dau ¢ = ¢.

Vidu 7.2 Lugng ddu tu ciia vao mot doanh nghiép tai thoi diém t la 1(t) = 30/t
(triéu dong). Pon vi cua t tinh theo ndm.

a. Ban ddu quy von ciia doanh nghiép la 100 triéu dong. Xdc dinh ham quy vén theo
thoi gian ciia doanh nghiép?

b. Tinh téng von ting thém tix cudi ndm thit nhdt téi cudi ndm thit tu?

Giai. Quy vbn ctia doanh nghiép la

t

K(t) :/ 30y/7dr + K.
to

a. Theo dé bai qu§ von ban dau 1a 100 triéu dong, tic 1a tai tg = 0 ta c6 Ko = 100

(triéu dong). Suy ra

t
K(t) = / 30y/7dr + 100 = 20tV/t 4 100 (triéu dong).
0

b. Téng von ting thém tii cudi nim thyd nhit t6i cudi nim thi tu 1a:

K(4) — K(1) = (20 x 4 x V4 +100) — (20 x 1 x v/1 + 100) = 140 (triéu ddng).

7.4.3 Thang du tiéu dung

Tai thoi di€ém ngudi tiéu dung dong y mua san phdm v6i miic gia Py, ho tra sb tién P,
cho mét don vi sdn phim, tidc 1a cho san phidm thi Qo. Nhu vdy véi nhitng san phim
trude do, ngudi tieu ding c6 thé da dong y tra mic gia cao hon d€ mua, xem dd thi ham
cau trong hinh ??.

Thang du tiéu dung tuong ing véi sy "hai long" (satisfaction) khi ngudi tiéu dung mua
hang, né do bing dién tich phan tam gidc cong BCD trong hinh ??. Theo y nghia ciia
tich phan xdc dinh, khi ta xét tai diém (Qo, Pp) thi cong thic tinh thing du tiéu dung

la:
Qo

CS = D(Qd>de — PQQ(), D(Qd) la ham cﬁu.
0

Vidu 7.3 Cho ham cdu P = 60 — 4Q. Tim thdng du tiéu diing biét Q = 5.
Giai. Do ta dang xét Q = 5 nén P = 40. Thang du tiéu dung khi do6 la:

5
CS+/ (60 — 4Q)dQ — 5 x 40 = 250 — 200 = 50.
0
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/ demand ™,
\, curve /

0

0

Hinh 7.2: Thing du tiéu ding, ngudn: Ian Jacques, "Mathematics for economics and
business".

Chi ¥ 7.2 Trong thuc hanh nguoi ta hay xét thing du tiéu ding ¢ diém cdn bang thi
truong. Khi do diém (Qo, Py) trong cong thiic tinh thing du tiéu ding la diém cdn
bang thi truong.

7.4.4 Thiang du san xuit

Thing du san xult (producer’s surplus) tai (Qo, Py) do do chénh 1éch cda doanh thu
thuc té v6i doanh s6 nha san xuit c6 thé dong y ban, xem hinh ??. Cong thic tinh:

Qo
PS = PyQo — /0 S(Qs)dQs,  S(Qs) 1a ham cung.

Cha y 7.3 Trong thuc tién, nguoi ta hay xét thing duw sdn xudt tai thoi diém can bdng
thi truong cung va cdu, do do gid tri (Qo, Py) la gid tri tai thoi diém cdn bang.

Vidu 7.4 Gid sit ham cdu P(Qp) = 50— 0.1Qp va ham cung P(Qs) = 20+0.2Qs.

Theing dw sdn xudt tai diém cdn bdng la bao nhiéu?

Huéng dan. Tai diém cén bing Q = 100, P(Q) = 40, gia tri cta thing du san xut
dudgc tinh qua cdng thic

1
100 x 40 — / 00(20 + 0.2Q)d@ = 1000.
0
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Hinh 7.3: Thing du san xult, ngudn: Ian Jacques, "Mathematics for economics and
business".

7.5 Tich phan suy rong
Trong tai li€u nay ta chi giGi thi€u tich phin suy rdng loai c6 cén la +00 hodc —oo.

Tich phan suy rong loai nay c6 dng dung nhiéu trong 1y thuyét xc suit va thong ké.
Phan nay ching ta khong di siu vao xét tinh hoi tu clia tich phan suy rong.

Dinh nghia 7.2 Néu ton tai gidi han bén phdi hitu han thi ta ddt:

[ rwar = i [ s

/f vi= tim [ f(o)de

a—r— 00 a

400 b c
/ f(z)dz .= lim f( )dz + hm f( )dx

o a——00 c—400

Cha ¥ 7.4 Tinh chdt ciia tich phdn suy rong (vdi gid thiét cdc tich phdn hdi tu)

o [T+ galde= [ s [ gtads

/00 kf(x)dz = k;/oo f(z)dz (k la hing s6).

Truong hop cdn duwdi ciia tich phén la vé han ta cé két qud twong tu.
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Vidu 7.5 Tinh tich phén (theo nguyén ham)

a. N
*1
/ —dwx;
1 x
b.
+oo
/ e “dx.
0
Giai.
a. + 2
*1 “1 21 1
/ fgdx: lim /—de: lim ¢ = —,
1 T c—+oo 1T c—+oo —2 2
b.

+oo b —cb _ 1 1
/ e~ “dr = lim / e ““dr = lim ¢ oz
0 0

b——+o00 b—+oo —C C

7.6 Thuc hanh trén may tinh

Viéc tinh todn tich phan x4c dinh ctia cac ham thong dung c6 thé thuc hién trén may
tinh cam tay. Tuy nhién v6i ham phiic tap hoic tich phan suy rong, ta c6 thé cin tdi cic
cong cu manh hon. Bén canh viéc 14p trinh v6i ma ngudn md trén R va Python, ta ciing
c6 mdt s6 cac cong cu tich hop sén trén We dé tham khao, xem hinh ?? va ??2.

7.7 Mot s6 bai tap va thue hanh cudi chuong 7

1. (Thuc hanh phan mém). St dung mdy tinh ciAm tay va trang web iintegral-calculator.com/
dé tinh mot s6 tich phan bt dinh, tich phan xdc dinh c6 can & vo cuing, tich phan
xac dinh phic tap

2. (Bai tap rén luyén tiéng Anh hoc thuat, bai tip nhém). St dung kién thic tich
phan dé€ gidi mot s bai tap ing dung cubi chuong Integration va nghién ctu van
dé trit luong tai nguyén (vi du bai 7 trang 655) sach "Mathematics for economics
and business'Z]

3. Dong diu tu cia mot doanh nghiép 1a ham I(t) = 6000t%->($), véi t tinh theo
nim. Tim tdng lugng von gia ting clia doanh nghiép tif cudi nim thi nhit t6i
cudi nim thif chin.

4. Tim thing du tiéu dung khi P = 36($), biét ham cau la P = 100 — Q??

5. Tim thing du tiéu dung va thing du sin xuit tai thoi di€ém can bang thi trudng,
biét P =38 — Q%,, P =6 + Q%.

1integral—calculator. com
Zhttp://93.174.95.29/_ads/96A8076441FD5FA8966D6B303EFE4497


https://www.integral-calculator.com/
integral-calculator.com
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58 CHUONG 7. TICH PHAN HAM MOT BIEN

J Integral Calculator « With Stepsl X == -
& C & integral-calculator.com % * & ql @

Also check the Derivative Calculator! (f‘:\
- )

alculadora de Integrales en espafiol L6/

™ \ == Calculadora de Infex h it
\ n e r a a c u a o r Integralrechner auf Dutsch
\ B KanbKynATop MHTErpanos Ha Pyccxom

X ’,,“‘I Calculate integrals online — with steps and graphing!

Calculate the Integral of ... [About| Help| |Examples | Options
l 1/(x"2+x-2 Configure the Integral Calculator:
o] + [ -1 <11+ ] V] () T e
This will be calculated: — )
Upper bound (to): f‘ = le
Lower bound (from): [2 H:‘
B3 Integrate numerically only?
/ 1 dm simplify expressions?
2 o simplify all roots?
5 ”tx 2 (+x* becomes x, not |xI)

Use complex domain (Z)?
Keep decimals?

Not what you mean? Use parentheses! Set integration
variahla and batinds in "Ontinns”

Hinh 7.4: Tinh ton vdi tich phan, nguon integral-calculator.com

6. Ham bién ctia tong tiéu ding qubc gia 1a M PC = 0.25 + Y ~1/2. Khi khong c6
thu nhap (Y = 0), muc tiéu dung tdi thi€u 1a 10 (ty $). Tim ham tiéu dung theo
thu nhap Y va tinh muc tiéu dung khi Y = 16 ty do la.
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Result

Domec! See the result further below.
i arder fo not miss anything please scrofl s the way down.

1? = Check your own answer
|' : ”a| tﬁ| § | = Expart the expression {=. g. LaTeX]

FELR IHPUT:

fiz) =

1 8
Pyrr—2

TRAAMUALLY" COMPLITED ANTIDCRTVATIVE: |

[f(z)dz = F*(z) =

“Manual” integraticn with steps:
The caloulator finds an anmtiderivative in a comprehensile way. Mote that due to some simplifications, it might
only be valid for parts of the function.

Inflz—1f) —Infiz+3) . -~ ¥
3

SMTIIERICATTY & S0 AUTRD B MLAIIRAR:

[ fiz)dz = Flz) =
1=Elllil=—1I]_|11'[I=+2]_|_£r ¥
4 3
Simplify/rewrite:
_h[z+2|:;1nt|=—1|1+c, ¥l

CRFIHMR INTRL R

[ fiz)az =

Infg) ¥
3

Apgroximationz

(L4620081 203 TI2060

Hinh 7.5: Chi tiét tinh toan véi tich phan, nguodn integral-calculator.com
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Tai liéu tham khao



